UGBA 103: Introduction to Finance
SPRING 2006
Instructor: Gregory La Blanc

Homework # 1
Solutions
Note: I am offering explanations for the solutions. Your homeworks could probably be more concise!

1. At a growth rate of x percent, how long does it take a sum to double?

It might be easier to assume continuous compounding.

Answer:
2C = C (1+x)t
2 =    (1+x)t
Take natural log of both sides

Ln(2) = ln (1+x)t
0.69 = t*ln (1+x)

For small values of x, ln (1+x) is approximately equal to x

0.69 = t*x

t  =  x/0.69

for non-continuously compounded rates, its going to take a bit longer.

2. Given an annual interest rate of 10 percent, what is the present (t=10) value of a stream of $100 annual payments starting in one year and ending in 20 years?

Answer:
This question is a bit vague.  Suppose it means that you need to find the value at time 10 of a stream of cash flows beginning in year 1 and ending in year 20. Well this is an annuity. We know how to compute the value of an annuity: we use the annuity formula:
PV = C/r  [1-1/(1+r)t]

This gives us a value of  851.356.  you could also get this from table 3 on p 970 in BMA.
But we don’t want to know the answer as of t=0. we want to know the value at t=10.  

PV (t=10) = PV (t=0) * (1+r)10
PV (t=10) =  851.356* (1.10)10
PV (t=10) =  851.356* 2.5937


    = 2208.20

Of course, you could have interpreted this problem as asking, what is the remaining value on this annuity assuming that the first ten payments have already been paid out. In this scenario, you would have an annuity of $100 for ten years (going from years 11 to 20) at a rate of 10%. In short hand, this would be:

A (t=10, r=.10) $100.
Its value is equal to the relevant Annuity Factor *100 =

6.145*$100

3. Calculate the present value of the following stream of payments:

$2100 in 2 years

$2100 in 4 years 

$2100 in 6 years

………………….

$2100 continuing in this pattern forever


The annual interest rate is 10 percent

Answer:

Here you have an perpetuity. The unusual thing about this perpetuity is that it pays out every 2 years.  Of course we can still use the perpetuity formula. The perpetuity formula is for regular constant payments. It doesn’t matter how large or small the time gap is between payments. All you need to do is make sure you use the correct rate. So here we need to use the rate which corresponds to what we would earn over two years: 

R = (1.10)2 – 1 

   =  .21

So the value of the perpetuity:   PV = C/r





   PV = $2100/.21





        =  $10,000
4. What is the value of an infinite life annuity of $3000 which provides the first payment in 7 years? Your opportunity cost of funds is 9%

Answer:

Infinite life annuity? Sounds an awful lot like a perpetuity.  We know the formula for a perpetuity is PV = C/r.  

So   PV  =  $3000/.09   =   $33,333.33

The problem is that this gives us the PV at time zero for a perpetuity that begins in period 1. Since our perpetuity begins in year 7, the formula gives us the value of the perpetuity in year 6. To find the PV in time zero, we need to discount back 6 periods.

So  PV t=0   =  $33,333.33/(1.09)6


$ 19,876.76

5. Given an interest rate of 10 percent per year, what is the value in date t=8 dollars of a perpetual stream of $200 payment coming at t=16,17,18…?

Answer:

Again we have a perpetuity which begins some years out. If we use the perpetuity formula, PV = C/r, this will give us the value of the perpetuity in year 15. We want the value in time 8. So we need to discount back 7 periods.

PV (t=8) =  [C/r ] / (1+r)7
               =  [$200/.10]/(1.10)7

         =  $1026.32
6. Telegraph Street Therapeutic Crystals, Inc. manufactures life balancing and energy enhancing rocks. The company receives about $20,000 cash flow each year from the product after all expenses, including taxes. Telegraph Street Hemp Hankies, Inc has recently offered to buy the business for $160,000. Assuming that the appropriate discount rate is 10%, should they sell the business if they think the life expectancy is:

a. 15 years?

Answer:
The rule would be to sell the business if you are being offered more than the PV of the cash flows you expect from the business.  The PV of the cash flows is an annuity: 

    A (t=15, r=.10) $20,000


= 7.606 * $20,000


=  $152,120


You should sell!

b. Indefinitely long?

Answer:
Here you have a perpetuity, the value is


PV =  $20,000/.10


     = $200,000

Don’t sell!

7. You can buy a note for $12,835. if you buy it, you will receive 10 annual payments of $2000, the first payment to be made one year from today. What rate of return, or yield, does the note offer?

Answer:


Annuity with PV = 12835, C = 2000, and t = 10.  Solve for r.

PV = (C/r)*(1-1/(1+r)^t)


12,835 = (2000/r)*(1-1/(1+r)^10)


use excel to find answer… r = 9%
8. Fred wants to save money to meet 2 objectives: 
a. He would like to be able to retire 25 years from now and have a pension for 15 years after that. The first payment on the pension would be $30,000 26 years from now and he would like it to grow at the rate of 3% per year from then onwards. 

Answer:

Since he expects to have a zero balance 40 years from now, he needs to set it so that the PV (deposits) = PV (withdrawals). 
The deposits take the form of a simple annuity with a 25 year life beginning one period from now, while the withdrawals take the form of a growing annuity of 15 years beginning in period 26. 

The PV (deposits) = A (r=6%, t=25) C

The PV (withdrawals) = [GA (r=6%, g=3%, t =15) C1 = $30,000]/(1.06)25
The PV (t=25) = C/(r-g) * [1-((1+g)/(1+r))^t]
The PV (t=25) = 30,000/(.06-.03) * [1-((1+.03)/(1+.06))^15]

PV (t=25) = 1,000,000 * [0.349915] = 349,914.63
PV (t=0) = 512,152.61 / (1.06)^25
PV (t=0) = 81,529.63
b. He would like to purchase a $25,000 car 10 years from now.

The only difference here is that he will be making an additional withdrawal: So to get the PV (deposits) you use the same formula as a function of C, but for the withdrawals, you will need to add in $25,000/(1.06)10
PV(t=0) = 13,959.87

Obviously, he will need to contribute more.

Q8 cont’d The interest rate at which she can borrow and lend is 6% per year. Assuming she deposits the same amount S at the end of the each year for 25 years, with the first deposit of annual savings being 1 year from now, what is the amount S such that she will exactly be able to meet her objectives?

Total PV = 81,529.63 + 13,959.87 = 95,489.50
Annuity with PV = 95,489.50, r = 6%, t = 25, C = ?

PV = (C/r)*(1-1/(1+r)^t)

95,489.50= C/.06 * (1-1/(1.06)^25)
C = 7,469.83
9. Fred’s brother Ed, has just borrowed $165,000 using a mortgage that calls for 30 equal payments. The annual interest rate on the mortgage is 7%. How much is each annual installment? If at the end of 10 years, he wishes to prepay the mortgage, how much will he have to pay the bank (assuming no penalty)?

Answer:

A mortgage is an annuity. This mortgage has annual payments. To solve for the annual payment, use the annuity formula.

PV = 165,000, t=30, i = 7%, C = ?


PV = (C/r)*(1-1/(1+r)^t)


165,000 = C/.07 * (1-1/(1.07)^30)

C = 13,296.76
To find out the prepayment amount at the end of twenty years, note that you have 20 years left on the mortgage, so the payoff amount will be equal to the present value (at t=10) of the remaining 20 payments.


Annuity with C = 13,296.76, i=7%, t=20, PV = ?

PV = 13,296.76/.07 * (1-1/(1.07)^20)


PV = 140,866.06
10. Suppose you have decided to start saving money to go to Super Bowl XLV with your friends 5 years from now (that is when you expect to see the 49ers play the Raiders). You estimate that the amount you will have to pay at that time will be $6000. The hedge fund in which you normally invest your savings  offers 16% compounded quarterly.

a. How much will you have to deposit each year (at year end) to have your $6000 if your first deposit is made 1 year from today and the final deposit is made on the day of the Super Bowl (5 years from now). 

Answer:



0
1
2
3
4
5

We want to have $6000 in five years. So set the PV of the contributions to the PV of what we want to have in 5 years.  The PV of $6000 is $6000/(1+r)5
The rate is given as 16% compounded quarterly, so the annual rate is (1.04)4-1 =16.98% or 17%
So set:  A (r=.17, t=5) C  
=  $6000/(1.17)5


3.199 C
=  $2736



C 
=   $855.27
b. How much will you have to deposit each year if your first deposit is made 1 year from today and the final deposit is made 1 year prior to the Super Bowl. 

Answer:



0
1
2
3
4
5

Not much changes here. The only difference is that you have a four year annuity instead of a five year one, so you will have to contribute more each year.

So set:  A (r=.17, t=4) C  
=  $6000/(1.17)5


2.743  C
=    $2736



C
=    997.45




C = 

c. How much would you have to deposit each year if your first deposit is made now and the final deposit is made one year before the superbowl?

Answer:



0
1
2
3
4
5

Now you are back to five payments except that the first payment occurs in year zero, so you have a three year annuity plus a lump sum. 
So you could set:  C + A (r=.17, t=4) C  =  $6000/(1.17)5



C (1+2.743)
 
=    $2736



C 


=    $730.96
